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Let R := k[Xi, . . . , Xn] be the polynomial ring in indeterminates 
over a field k of characteristic with deg(Ai) = 1 for i = 1, . . . , A, and 
let / be a homogeneous ideal of R. The Hilbert function of / is the 
function from N to N which associates to every natural number d the 
dimension of 1^ as a /c-vectorspace. 

/ has an essentially unique minimal graded free resolution 

^ J^m ^J-im-l ^ • • • ^J-'l ^-t^O ^ U 

which is characterized, among the free graded resolutions, by the condition 

C (Ai,...,A^)L,_i Vg>l 

And therefore the Betti numbers, which are defined by 

(3q{I) := rankLq 
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are invariants of /. 

From Macaulay [M] (see also Robbiano [R]) it follows that a lex- 
segment ideal has the greatest number of generators (the 0-th Betti num- 
ber (3o ) among all the homogeneous ideals with the same Hilbert function. 

In this paper we prove that this fact extends to every Betti number, 
in the sense that all the Betti numbers of a lex segment ideal are bigger 
than or equal to the ones of any homogeneous ideal with the same Hilbert 
function. 

Section 1 gives some useful notation and definitions and many simple 
properties of Borel normed sets. 

In Section 2 a Theorem is derived (Theorem 2.1) which is our main 
tool in comparing lex-segment and Borel normed sets. 

In Section 3, using a result due to Eliahou and Kervaire [E-K], we 
compare lex-segment and Borel normed ideals, and then, using some re- 
sults due to Galligo [Ga] and MoUer-Mora [M-M] , we compare lex-segment 
and homogeneous ideals. 

Section 4 gives the formula which computes the Betti numbers of the 
lex-segment ideal, given its Hibert function, and these are the sharp upper 
bounds for the Betti numbers of any homogeneous ideal with the same 
Hilbert function. 

l.Some remarks on Borel normed sets. 

Notations. Let X^r denote the set of indeterminates {Xi, . . . ,Xjv}; then 
(X.n)^ indicates the set of all monomials of degree D in Xat. 
Let S be a subset of (Xat)^; then XatS denotes the multiples of S of 
degree D + 1, i.e. X^S = UresiXiT, X^T} . 

If T = X-^^ . . . Xj^ , then we denote by m{T) := max{i | > 0} , i.e. the 
largest index of the indeterminates actually occuring in T . 
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Definition. A set of monomials S C (Xw) is Borel normed if T e S 

implies Xj e S for all j such that Xj divides T and for all i < j . 

Definition. On (Xjv)^ we will use the lexicographic order, i.e. if T = 

Xl^ ... Xj^ and T' = . . . are two monomials in (Xjv)^ we will 
say that T > T' ii ti = si, . . . , U-i = Si-i and U > Si. 
Note that it is a total ordering and then there exists the minimum of every 
subset of (X^)^. 

Lemma 1.1. Let S be a Borel normed set. 

Then Xj(minS) G Xiv(S\{minS}) «^=^ i < m(minS). 

Proof. Let T := minS. 

' =^ ' : If XiT e Xn{S\{T}) then X^T = XjT' where T' e S\{T} 
Thus T' >T, hence i<j. 

On the other hand Xj divides T and so j < m{T) . 
Then i < m{T) . 



: If z < m{T) then, since S is Borel normed, T' :— X^^ 
S\{r}. Hence X,T = X^(T)r' G Xw(S\{T}). 



m(T) 



Proposition 1.2. Let S be a Borel normed set. 

Then XjvS = [JT£s{Xm{T)T, . . . , XnT} and this is a disjoint union (i.e. 
{X^(T)T, . . . , XnT} n {X^^T')T', X^T'} =0 V T' ^ T). 

Proof. By induction on the cardinality of the set: 

|S| = 1: Since S is Borel normed it follows that S = {Xf }. Then XjvS = 
{XiXf , . . . , XjvXf } . 

|S| > 1 : Let the thesis be true if the cardinality is smaller then |S| . 

Let r := minS. Then X^rS = {XiT' , . . . , XnT'} UXn{S\{T'}) . 
But from Lemma 1.1 we have X^T' e Xiv(S\{r'}) V i < m{T') . 
Hence XnS = {XmiT')T', • ■ • , XnT'} U Xiv(S\{r'}) . 
Note that S\{T'} is a Borel normed set and then, by the inductive 
hypothesis: Xn{S\{T'}) = UTes\{T'}{^m(T)T, . . . , XnT} . 
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Therefore XjvS = UTes{Xm(T)T, • . • , XnT} . 

Moreover from Lemma 1.1 we have that if i > m{T') then XjT' ^ 
Xn{S\{T'}) and so {XmiT')T' , ■ ■ ■ , X^T'} nXMiS\{r}) =0 . 
So, in particular, {X^^t')T' , ■ • • , XnT'} n {XmiT)T, XnT} =0 
\/T>T' . ■ 

Definition. Define 

mi{S) := I {Te S I m{T) = i} \ 
i.e. the number of the elements of S which "finish" with Xi , and similary 
m<i(S) := I {T e S I m{T) < i] \ 

i.e. the number of the elements of S in the first i indeterminates. 
Proposition 1.3. Let S be a Borel normed set, then 
i) mi(XjvS) = m<i(S). 
n) |XjvS| = Xl2=i"^<i(S). 
Proof. 

i) From Proposition 1.2 we have that UTes{Xm{T)T, . . . , X^T} is a dis- 
joint union. Then, in such a representation of XjvS every monomial 
T with m{T) = i can be uniquely expressed as XiT' where T' G S 
and i > m{T') . Therefore there exists a 1-1 correspondence between 
the monomials T in XtvS with m{T) = i and the monomials T' in 
S with m(T') < i. Hence mj(XjvS) = m<j(S). 

ii) |XjvS| = ^^imi(XjvS) = XliIi"^<i(S)- ■ 
Definition. A set of monomials S C (Xjv)^ is lex-segment if 

T e S and T' > T ^ T' e S 

or equivalently S is a lex-segment set if and only if S = (T | T > min S} . 
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Remark. S is a lex-segment set S is a Borel normed set. 

Definition. We can uniquely decompose S , with respect to , as follows 

S= So U XnSi U Xj^S2 U...U X^Sd 

where the 's are sets of monomials in N — 1 indeterminates. 
More precisely 

Sd C (Xiv-i)^"'' 

Remark. It is easy to see that \/ i < N m<i(S) = m<i (So) . 
In particular, m<iv-i(S) = |So|. 

Proposition 1.4. 

i) Let S be a Borel normed (lex-segment) set in indeterminates. For 
every d S^ is a Borel normed (lex-segment) set in N — 1 indetermi- 
nates. 

ii) If S is a Borel normed (lex-segment) set in (Xjv)^ then XjvS is a 
Borel normed (lex-segment) set in (Xjv)^^^. 



Proof. Easy exercise. 

Lemma 1.5. S is a Borel normed set 
and Xjv-iSd C Sd-i \/d>0. 

Proof. 



Sd is a Borel normed set W d, 



': Sd is Borel normed set follows from Proposition 1.4.i. 
Then it remains to prove that Xjv-iSd C Sd-i V d > 0. 
Let T e Sd i.e. Xf^T e S. Since S is Borel normed we have: 
X^-^XiT = Xi^ e S V z < AT. 
Hence XiT e S^-i V z < AT. Thus Xat-iS^ C Sd_i . 

': We need to prove: T G S =4> Xi-^ E S M i < j and Xj\T: 
Let T = XfjT' where T' e Sd- Then: 
Since Sd is a Borel normed set it follows that 
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x,^ = x^(x,|^) eS Vi<j<iV, X,\T. 

Since Xjv-iSd C S^-i V c? > (and then Xj^^T) it follows that 

Xi^^X%-^{XiT') eS yi<N. m 

Definition. Given a set S C (Xjv)^ we can uniquely define a corresponding 
lex-segment with respect to Xn (denoted S* ) as follows: 
Recall that 8;^ C (X.n_i)^~^ then denote by S*^ the lex-segment set in 
(Xjv-i)^"'' with |S*d| = |Sd| , i.e. the set of the greatest |Sd| monomials 
in (X^r-i)^-^. 

Then S* := X%S*o U...U X^S*d. 
Remark. m<jv-i(S) = |So| = |S*o| = m<Ar-i(S*). 

Lemma 1.6. Let S be a Borel normed set. If m<i{S*d) < m<i(Sd) V z < 
N — 1 and V d, then S* is a Borel normed set. 

Proof. By Lemma 1.5 it sufficies to show that S*^ is a Borel normed set 
yd and Xiv-iS*d C S*d_i Vd>0. 

The fact that S*^ is a Borel normed set is obvious since S*;^ is a lex- 
segment set. 

It remains to prove Xjv-iS*^ C S*d_i : 

From Proposition l.S.ii it follows that for every Borel normed set S 
IX^^SI = X^^i m<i(S) . But, by hypothesis we have 
|X^_iS*d| = Y:t~'i^rn<i{S*d) < Y:t~i^ rn<i{Sd) = |Xiv-iSd| V d. 
Since S is Borel normed, it follows from Lemma 1.5 Xjv-iSd C Sd-i 
V d > . Hence 

|X7v-iS*d| < |Xjv-iSd| < |Sd_i| — |S*d-i| V d 

Thus, since Xiv-iS*d and S*d-i are lex-segments sets (Proposition 1.4), 
we have 

Xjv-iS*d C S*d-i V d 

■ 

Remark. We will see (in Theorem 2.1) that the hypothesis of this Lemma 
are always verified. Thus for every Borel normed set S we have that S* 
is Borel normed. 
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Definition. Let T = {Xl\ . . . , X^^) e (Xjv)^ . Define the corresponding 
monomial T in (Xjv-i)^ as follows: 



where ti := ti ^ i < N — 1 and tjv-i := ijv-i + ^at 
or equivalently 



i) Let T = {Xl\. . . , T' = (Xf , . . . and T < T', then we 
have ti = Si W i < j and t j < Sj . 

Note that j ^ N since otherwise D = deg T = ^ t j < ^ Sj = 
degT' = L». 

Then: ti = ti = Si ='Si W i < j and, (two cases) 

if i = iV-l: t^ = degT-J2Z~i^U = s^ then T^T; 

if j < N -1: t] = tj < Sj ^sj then T < T' . 

ii) Obviously min S < min Sq . 

Hence from i) it follows that min S < min So = min So . 

On the other hand, since S is Borel normed, min S e So . 

Thus min S = min So . ■ 

2. Comparisons between lex-segment and Borel normed sets. 

Theorem 2.1. Let L be a lex-segment set and B a Borel normed set in 
(Xat)^ such that |L| < |B|. Then 

m<i(L) < m<i(B) Vi = l,...,Ar 



T:= (XiS...,X^~-) 




Lemma 1.7. 



If T, T' e (Xat)^ T<T' then T <T'. 



Let S be a Borel normed set then min S = min So . 



Proof. 
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Proof. By induction on the number of indeterminates: 

iV = 2: m<2(L) = |L| < |B| = m<2(B) and m<i(L) = 1 = m<i(B) . 

N > 2: Inductive hypothesis: let the thesis be true in — 1 indeterminates, 
and then study for all i = 1 ... A?" the relations between m<i(L) and 
m<i(B). 

i = N: m<iv(L) = |L| < |B| = m<iv(B). 
i = N — 1: We need to prove: 

m<Ar-i(L) < m<Ar-i(B) 

i.e. 

|Lo| < |Bo| 

From the definition of the lex-segment with respect to Xn we 
have |Bo| = |B*o| ■ So it will be enough to prove 

|Lo| < |B*o|. 

Now B*(i and B^ are, V d, respectively lex-segment and Borel 
normed sets of monomials in N—1 indeterminates with the same 
cardinality. Then by the inductive hypothesis it follows 

m<i{B*d) <m<i{Bd) V z = 1, . . . , AT - 1 V d 

Then, since B is Borel normed, it follows from Lemma 1.6 that 
B* is Borel normed. 

Now recall the definition of corresponding monomial in (Xjv-i)''^ 
and consider minB* and minL. 

Note that minL > minB* (otherwise, since L is lex-segment, 
B* C L and then |B| = |B*| < |L| ), therefore from Lemma 1.7.i 

minL > minB* 
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It follows from Lemma l.T.ii that, since L and B* are Borel 
normed 

minL = minLo , minB* = minB*o 

and then 

minLo ^ minB*o 

Moreover, since B* is lex-segment w.r.to Xn, we have that B*o 
is a lex-segment set in (Xjv-i)^. Prom these facts it follows 
that 

Hence 

|Lo| < |B*o| 

i < N — 1: From the case i = N — 1 we have |Lo| < |Bo| where Lq and 
Bq are respectively lex-segment and Borel normed sets in N — 1 
indeterminates. By the inductive hypothesis 

"7-<j(Lo) < m<i(Bo) y i = l,...,N -1 

So 

m<i(L) = m<i(Lo) < m<j(Bo) = m<j(B) y i < N -1 

■ 

Corollary 2.2. |L| = |B| =^ |XjvL| < |XivB| . 

Proof. IXatLI = Y^f^i m<i(L) < rn<i{B) = |XivB| . ■ 

Definition. Let S be any set of monomials, then define 




Proposition 2.3. Let B C (Xjv)'^ be a Borel normed set, then 
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Proof. 



E 



m{T) - 1 



N 



= E 



i=l 



mi(B) 



N 

E 



m<i(B) - m<j_i(B) 



AT 

= E 

A^- 1 



m<i(B) 
m<iv(B) + ^ 



i-l 
Q 

N-l 



i=l 



N-l 

-E 

i=0 

m<i{B) 



N-l 



N-l 



IBI-E 



i=l 



m<i(B) 



z - 1 
z - 1 



m<i(B) 



i - 1 
Q 

i - 1 



q-1 



Corollary 2.4. Let L be a lex-segment set and B a Borel normed set in 
(Xjv)^ such that |L| = |B| , then: 

i) 6,(L)>6,(B); 

ii) &,(XjvL)<6,(XjvB). 



Proof. From Theorem 2.1 we have m<j(L) < m<j(B) V i = 1, 
Then: 



i) 



AT-l 



w-E 



m<i(L) 



i - 1 
5-1 



> 



-I' 



m<i(B) 



i - 1 
q-1 



ii) Recall from Proposition 1.3.i that if S is a Borel normed set then 
mi (XtvS) = m<j(S). Thus: 



N 



i-l 
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3. Comparisons between lex-segment and homogeneous ideals. 

Definition. Let / be a monomial ideal in k[Xi, . . . , X^] . Then we denote 
by G(/) the minimal system of generators of /, i.e. the set of all mono- 
mials in / which are not proper multiples of any monomial in J, and by 
Gfe(^d) the basis of 1^ as a /c -vectorial space. 

Definition. A monomial ideal / in k[Xi, . . . , Xn] is called: 

i) Lex-segment if Gk{Id) is a lex-segment set V d; 

ii) Borel normed if T e / =^ Xi^ e I ^ i < j such that Xj\T, or 
equivalently if Gk{Id) is a Borel normed set V d; 

iii) Stable if T e / =^ X^^^^ e /. 

Remark. If 7 is a monomial ideal. Then 

/ is lex-segment =^ / is Borel normed =^ I is stable. 

Theorem 3.1.Eliahou-Kervaire(1987). Let / be a stable ideal, then 

TGG(/) 

Corollary 3.2. Let / be a stable ideal. 

Then = Ed>o [MGkild)) - 6,(X^Gfc(/d-i))] . 

Proof. From Theorem 3.1 we have = &g(G(/)) = J2d>o ^<i{i^i^))d) ■ 

Then, since (G(/))^ = G/s(/d)\{XjvGfc(/d_i)} , the thesis follows. ■ 

Corollary 3.3. Let be a lex-segment ideal and a Borel normed ideal 
with the same Hilbert function, then 



m{T) - 1 
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Proof. Note that for all d Gfc(/^) and XjvGfc(/^) are lex-segment sets, 
and Gk{lf) and XjvGfc(/^) are Borel normed sets. 
Moreover and have the same Hilbert function, i.e. V d 

\Gkim = Hj.id) = Hin{d) = \Gk{lf)\ 

From Corollary 2.4, we then have 

^(Gfe(/^)) > 6,(Gfe(/^)) and \{y.NGu{I^)) <hq{y.NGk{lf)) W d 

and, from Corollary 3.2 

d>0 

■ 

Remark. Note that for every Borel normed ideal / there exists a lex seg- 
ment ideal with the same Hilbert function as that of /. In fact let be 
the lex-segment set in (Xjv)'' with |Sd| = Hi{d). Then, from Corollary 
2.2, 

|XjvSrf| < |XjvGfc(/^)| 
Since is an ideal we have XivGfc(J^)d C Gk{I^)d+i - Thus 

iXjvSdl < |XjvGfc(/^)d| < Hi{d+ 1) = |Sd+i| 

Since XjvSd and S^+i are lex segments we get XjvSd C S^+i . 

Hence we can consider the Sd 's as the basis of the part in degree d of an 

ideal that is lex-segment and has the same Hilbert function of /. 

Theorem 3.4.Galligo(1974). 

Let / be a homogeneous ideal in k[Xi^ . . . , X^r] and let cr a term-ordering. 
There exists a Zariski open subset U C GL{N) such that for every g & U , 
Lta{g{I)) is invariant under the action of the Borel subgroup B{N) of 
GL{N) . In particular, if char{k) — 0, then Lta{g{I)) is Borel normed. 
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Remark. In this way we can obtain for every homogeneous ideal /, an ideal 
with the same Hilbert function and the same Betti numbers as those 
of /, and such that Lt^il^) is Borel normed. 



Theorem 3.5.Macaulay(1927). 

Let / be a homogeneous ideal in k[Xi, . . . , Xn] and let a a term-ordering. 
Then 

Hi = 

Remark. Let / be a homogeneous ideal in k[Xi, . . . , X^] ■ Then there 
exists a lex segment ideal with the same Hilbert function as that of I . 
In fact let be the ideal obtained from / by a generic change of 
coordinates (Theorem 3.4). We have that Ltcr{I^) is a Borel normed 
ideal and hence there exists a lex segment ideal with Hilbert function 
Hhtcrii^) — (Theorem 3.5). 

Theorem 3.6.Moller-Mora(1983). 

Let J be a homogeneous ideal in k[Xi, . . . , Xn] and let a a term-ordering. 
Then 

Pi < f^LtAD 

Theorem 3.7. Let / be a homogeneous ideal and let be the lex-segment 
ideal with the same Hilbert function as that of /. Then for all q 

/3.(/^) > MI) 

Proof. Let be the ideal obtained by Theorem 3.4. Then 
Hji. = Hi = HjB and Pq{l^) = I3q{l) 
From Macaulay's Theorem it follows that 

Then, from Corollary 3.3 

/3,(/^)>/3,(Li<,(/^)) 
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From MoUer-Mora's Theorem 
and then 



4. Upper Bounds for Betti Numbers. 



Theorem 4.1. Let / be a Borel normed ideal and, with abuse of notation, 
let Id denote Gk{Id)- Then 



N -I 



N-l 



i-1 



Where D is the largest degree of a generator of / 



D-l 



N-l 

E 



m<i{Id) 



Proof. From Corollary 3.2 it follows that 

D 

PAl) = J2\-^M-b,iXMld-i)] 



d=l 

D-l 



D-l 



d=l d=0 
D-l 

= b,{lD) + J2 - bgiXNid)] = 



d=l 



D-l 



i=l 



N 

E 

i=l 



mild) 



i-l 



N 



-E 

i=l 



mi{XNld) 



i - 1 



Since Id is a Borel normed set it follows from Proposition 1.3.i that 
rriiiXNld) = m<i{Id), V d. Then I3q{l) = 



D-l 



b,{lD) + 



d=l 



N 

E 

i=l 



{mi{Id) - m<i{Id)) 



i-l 
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Z3-1 



d=l 
L 



N 



m<i-i{Id) 



i-1 



D-l 



d=l 



N-1 

E 

i=l 



m<i{Id) 



AT 1\ /• 1\ 



Af-1 



m<i{Id) 



Definition. It is well known (see Robbiano [R]) that, if h and n are positive 
integers, then h can be written uniquely in the form 



n I \ n — 1 J \ i 



where h{n) > h{n —!)>...> n{i) > i> 1. 

This unique expression is called binomial expansion of h in base n and 
it is denoted by hn , and define 



hn): 



h{n)+s\ /h{n-l)+s 
n + t J ^ \ n-l + t 



. + 



h{i) + 



The particular significance of the binomial expansion of the values of 
the Hilbert function becomes apparent when we attend to write an explicit 
formula which computes the Betti numbers of a lex-segment ideal: 
Let S be a lex-segment set in (Xjv)^ and let d be the largest integer 
such that X^-'^X% e S. 

Since S is a lex-segment set, S contains all the monomials 

\rD—d(v V ^d 

^1 i^l, ■ ■ ■ ,y^Nf 

The number of these elements is ("^^^7^) which is exactly the first bino- 
mial in the binomial expansion of H{D) in base N — 1. 
The set of the remaining monomials of S is strictly contained in 

X^-^-\X2,...,Xn}''+' 
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Thus, we can think of it as a lex-segment set (strictly contained) in 
{X2, . . . ,Xn}^'^^ . So, repeating the reasoning, we obtain the whole bi- 
nomial expansion. ■ 

Proposition 4.2.(Macaulay). Let / be a lex-segment ideal. Then 



Proof. As we saw before, the first binomial of the binomial expansion of 
H{D) in base N — 1, ' represents the number of monomials 

in {Xi, . . . , Xn}^ ■ Thus the multiples of these elements are a set with 
elements. 

And so on. ■ 
Proposition 4.3. Let / be a lex-segment ideal. Then 

(jV-i) 

m<i{Id) = [H{d)N-i) 

(Where (^) := if n < 0). 

Proof. As before, (^^^^7^) number of monomials in {Xi, . . . , X^v}-'^ . 

Among these, the elements which use only the first i indeterminates num- 
ber {^Y-i') i-e- 

/N + d-l- {N - i) 
V N-l-{N-i) 

And so on. 



Remark. If / is a homogeneous ideal we can calculate the largest degree 
of a generator of the lex-segment ideal with the same Hilbert function. In 
fact. Green [Gr] proved that D + 1 is the smallest integer greater then the 
maximum degree of a generator of / for which Hj{D)^ = Hj{D + 1) . 
Hence Theorem 4.1 and Proposition 4.3 give a formula which computes 
the Betti numbers of a lex-segment ideal. 

They are sharp upper bounds for homogeneous ideals with the same 
Hilbert function. 
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In particular, to count the first syzigies, it is possible to give a simpler 
formula. 

Corollary 4.4. pi{I) = 



D-l 



{N-1)H{D)-{H{D)^_,)_^+Y^ 



{N-l){H{d)N-l)-l-{H{d)N-l)-2 



Proof. 6i(S) = E^=i^i(S)(i-l) = Er=i(™<i(S)-m<i_i(S))(i-l) 



N 



m<i(S)(z-l) 



N-l 



Ejv — 
i=l 



(iv-i)|s|-Et7'^<i(s). 



m<i{S)i 

From Proposition 4.3 it is easy to sec that EiLi^ '^<i(S) = (|S|jv_i)_i. 
Then 6i(S) = (7V-l)|S|-(|SU_i)_i. 

From Proposition 4.2 it follows that |XArS| = (|S|Ar-i)^ and from Corol- 

lary 3.2 that - Ed>o [^i(Gfe(/d)) - 6i(XA,Gfc(/d-i))] . 

Hence 

/3i = 



- ^[(Ar-i)|/d|-(|/d|^_i)-i-((iV-i)|x^id_i|-(|Xjv/d-iU-i)-i)] = 



= J][(7V - l)H{d) - {H{d)N-i)-i- 

((AT - - - (Hid - l)N-lt^)] 

The thesis follows easily. ■ 
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